
$�PRGHO�RI�FDU�RZQHUVKLS�DQG�XVH�LQFRUSRUDWLQJ�TXDOLW\�FKRLFHDQG�RZQHUVKLS�RI�PXOWLSOH�FDUV
-DQ�5RXZHQGDO�DQG�-RKQ�3RPPHU'HSDUWPHQW�RI�6SDWLDO�(FRQRPLFV)UHH�8QLYHUVLW\'H�%RHOHODDQ����������+9��$PVWHUGDP1HWKHUODQGV
7KLV�YHUVLRQ��$SULO���������
.H\�ZRUGV� FDU�RZQHUVKLS��GHPDQG�IRU�FDU�NLORPHWHUV��PXOWLSOH�FDU�RZQHUVKLS��TXDOLW\FKRLFH�
$EVWUDFW,Q�WKLV�SDSHU�ZH�GHYHORS�DQG�HVWLPDWH�D�GLVFUHWH�FRQWLQXRXV�PRGHO�IRU�FDU�RZQHUVKLS�DQGXVH�WKDW�LQFRUSRUDWHV�TXDOLW\�FKRLFH�DQG�WKH�GHFLVLRQ�WR�RZQ�PXOWLSOH�FDUV��7KH�EDVLFPRGHO��XVHG�IRU�LQVWDQFH�LQ�'H�-RQJ���������WUHDWV�DOO�FDUV�DV�EHLQJ�HTXDO��QR�GLIIHUHQFHVLQ�TXDOLW\��DQG�FRQVLGHUV�RZQHUVKLS�RI�D�VLQJOH�FDU��,Q�RUGHU�WR�LQWURGXFH�TXDOLW\�LQWR�WKHPRGHO�ZH�DVVXPH�WKDW�WKH�PDUJLQDO�XWLOLW\�RI�GULYLQJ�LV�LQFUHDVHG�E\�D�ODWHQW�YDULDEOH�LQWHUSUHWHG�DV�TXDOLW\��WKDW�LV�UHODWHG�WR�WKH�IL[HG�FRVW�RI�WKH�DXWRPRELOH��SRVVLEO\�WKURXJKREVHUYDEOH�FKDUDFWHULVWLFV��:H�VKRZ�WKDW�WKLV�IRUPXODWLRQ�HQDEOHV�XV�WR�LGHQWLI\�WKH�VXEMHFWLYH��TXDOLW\�FRQFHSW�XVHG�E\�WKH�FDU�RZQHUV��1H[W��ZH�VKRZ�KRZ�WR�H[WHQG�WKHEDVLF�PRGHO�WR�VLWXDWLRQV�LQ�ZKLFK�����RU���FDUV�FDQ�EH�RZQHG��,Q�RUGHU�WR�GR�WKLV�ZHLQWURGXFH�D�VXE�XWLOLW\�IXQFWLRQ�IRU�PRELOLW\�ZKRVH�YDOXH�LV�GHWHUPLQHG�E\�WKH�NLORPHWHUVGULYHQ�E\�ERWK�FDUV��LI�WZR�DUH�RZQHG��DQG�LV�LGHQWLFDO�WR�WKH�NLORPHWHUV�GULYHQ�E\�WKH�FDU�LI�RQH�FDU�LV�RZQHG���7KH�SRVVLELOLW\�WR�VXEVWLWXWH�WKH�NLORPHWHUV�WR�EH�GULYHQ�E\�WKH�WZRFDUV�IRU�HDFK�RWKHU�SOD\V�DQ�LPSRUWDQW�UROH�LQ�RXU�IRUPXODWLRQ��7KLUG��ZH�VWXG\�WKH�PRGHOWKDW�UHVXOWV�ZKHQ�ERWK�H[WHQVLRQV�DUH�XVHG�VLPXOWDQHRXVO\�2XU�HPSLULFDO�DSSOLFDWLRQ�XVHV�GDWD�IURP�WKH�'XWFK�&RQVXPHU�8QLRQ�RQ��IL[HG�DQGYDULDEOH��FRVWV�DVVRFLDWHG�ZLWK�FDUV��:H�XVH�DQ�H[WHQVLRQ�RI�WKH�VXUYH\�WKDW�SD\V�VSHFLDODWWHQWLRQ�WR�WKH�RZQHUVKLS�RI�PRUH�WKDQ�RQH�FDU�LQ�WKH�KRXVHKROG�



��,QWURGXFWLRQ7KH�DXWRPRELOH�LV�RQH�RI�WKH�PRVW�LPSRUWDQW�FRQVXPSWLRQ�JRRGV�LQ�PRGHUQ�VRFLHWLHV��,WPD\�HYHQ�EH�VDLG�WKDW�ZLGHVSUHDG�DXWRPRELOH�RZQHUVKLS�LV�RQH�RI�WKH�GHILQLQJFKDUDFWHULVWLFV�RI�VXFK�VRFLHWLHV��3DUWLFLSDWLRQ�LQ�VRFLDO�OLIH�LV�GLIILFXOW�IRU�WKRVH�ZKR�GRQRW�RZQ�D�FDU�$OWKRXJK�WKH�PDUNHW�IRU�DXWRPRELOHV�KDV�EHHQ�VWXGLHG�H[WHQVLYHO\��PRVW�DWWHQWLRQ�VHHPVWR�KDYH�EHHQ�GHYRWHG�±�DW�ODVW�LQ�UHFHQW�\HDUV�±�WR�WKH�IXQFWLRQLQJ�RI�WKH�PDUNHW�DV�DZKROH�DQG�WKH�H[HUFLVH�RI�PRQRSRO\�SRZHU��)DU�OHVV�DWWHQWLRQ�KDV�EHHQ�SDLG�WR�WKH�PLFUR�FKDUDFWHULVWLFV�RI�DXWRPRELOH�GHPDQG��2QH�RI�WKH�WRSLFV�WKDW�VHHPV�WR�KDYH�UHFHLYHG�RQO\VSDUVH�DWWHQWLRQ�LV�WKH�RZQHUVKLS�RI�WZR�±�RU�HYHQ�PRUH�FDUV�±�E\�KRXVHKROGV��7KLV�LVVRPHZKDW�VXUSULVLQJ��VLQFH�PXFK�RI�WKH�LQFUHDVH�LQ�DXWRPRELOH�GHPDQG�VHHPV�WRRULJLQDWH�IURP�VHFRQG�FDUV��2QH�ZRXOG�WKHUHIRUH�H[SHFW�DQDO\VHV�RI�WKH�GHFLVLRQ�WR�KROGPXOWLSOH�FDUV��+RZHYHU��VXFK�VWXGLHV�VHHP�WR�EH�VFDUFH�'XULQJ�WKH�QLQHWHHQ�HLJKWLHV�WKHUH�KDV�EHHQ�D�ORW�RI�LQWHUHVW�LQ�PLFUR�PRGHOV�RIDXWRPRELOH�GHPDQG��EXW�RQO\�D�IHZ�SDSHUV�KDYH�FRQVLGHUHG�WKH�PXOWLSOH�FDU�RZQHUVKLS�3UREDEO\�WKH�ILUVW�VWXG\�WR�FRQVLGHU�RZQHUVKLS�RI�WZR�FDUV�H[SOLFLWO\�LV�WKH�SDSHU�E\�7UDLQDQG�/RKUHU��������WKDW�ODWHU�DSSHDUHG�DV�D�FKDSWHU�LQ�7UDLQ���������7KLV�DQDO\VLV�XVHG�WKHIUDPHZRUN�RI�GLVFUHWH�FKRLFH�PRGHOV��(YHU\�FDU�PDNH�LV�FRQVLGHUHG�DV�D�VHSDUDWHDOWHUQDWLYH��,I�D�KRXVHKROG�RZQV�WZR�FDUV��HYHU\�SRVVLEOH�FRPELQDWLRQ�RI�FDU�PDNHV�LV�DVHSDUDWH�DOWHUQDWLYH��,W�LV�WKHUHIRUH�FOHDU�WKDW�WKH�QXPEHU�RI�DOWHUQDWLYHV�WR�EH�FRQVLGHUHGEHFRPHV�YHU\�ODUJH��XQOHVV�VRPH�DJJUHJDWLRQ�WDNHV�SODFH�6RPH�VWXGLHV�KDYH�FRQVLGHUHG�WKH�ZD\�FDUV�DUH�XVHG�LQ�KRXVHKROGV��ZKLOH�WDNLQJ�WKHQXPEHU�RI�FDUV�DV�JLYHQ��$Q�HDUO\�H[DPSOH�LV�0DQQHULQJ��������ZKR�FRQVLGHUHG�WZROLQHDU�VLPXOWDQHRXV�HTXDWLRQV�UHIHUULQJ�WR�WKH�XVH�RI�WKH�WZR�FDUV�LQ�D�KRXVHKROG��+H�RQO\FRQVLGHUHG�WZR�FDU�KRXVHKROGV��0RUH�UHFHQWO\��*RORE�DQG�FR�DXWKRUV��VHH�*RORE��.LPDQG�5HQ���������*RORE�DQG�0F1DOO\���������XVHG�PRUH�H[WHQVLYH�V\VWHPV�RI�OLQHDUHTXDWLRQV�±�FDOOHG�VWUXFWXUDO�PRGHOV�±�LQ�RUGHU�WR�VWXG\�DFWLYLW\�SDUWLFLSDWLRQ�DQG�FDU�XVHE\�KRXVHKROG�PHPEHUV��,Q�WKHVH�DQDO\VHV�WKH�QXPEHU�RI�FDUV�RZQ�E\�WKH�KRXVHKROGUHPDLQV�H[RJHQRXV��7KHVH�VWXGLHV�PDNH�FOHDU�WKDW�WKH�DFWLYLW\�SDWWHUQV�RI�KRXVHKROGPHPEHUV�DUH�UHODWHG�WR�HDFK�RWKHU��,Q�VLQJOH�FDU�KRXVHKROGV��FRRUGLQDWLRQ�EHWZHHQ�WKHVHSDWWHUQV�LV�QHFHVVDU\�LI�WKH�LQWHUYDOV�RYHUODS�GXULQJ�ZKLFK�GLIIHUHQW�KRXVHKROG�PHPEHUVZDQW�WR�SDUWLFLSDWH�LQ�DFWLYLWLHV�IRU�ZKLFK�WKH�FDU�LV�QHHGHG��,I�WZR�FDUV�DUH�DYDLODEOH��DQGWKH�QXPEHU�RI�OLFHQVHG�GULYHUV�H[FHHGV�RQH���WKHVH�SUREOHPV�FDQ�EH�PLWLJDWHG��7KHEHQHILW�RI�RZQLQJ�WZR�FDUV�LV�WKHUHIRUH�UHODWHG�WR�WKH�FRQVWUDLQWV�WKDW�DUH�LPSRVHG�RQKRXVHKROG�PHPEHUV�E\�WKH�DEVHQFH�RI�D�VHFRQG�FDU��,Q�WKH�PRGHO�WR�EH�GHYHORSHG�EHORZZH�FDSWXUH�WKLV�LQVLJKW�LQ�D�VLPSOH�ZD\�E\�OLQNLQJ�RZQHUVKLS�RI�WZR�FDUV�WR�WKHSRVVLELOLWLHV�IRU�VXEVWLWXWLQJ�NLORPHWHUV�GULYHQ�E\�WKH�VHFRQG�FDU�IRU�WKRVH�GULYHQ�E\�WKHILUVW�FDU�
,Q�WKH�SUHVHQW�SDSHU�ZH�SUHVHQW�DQ�DQDO\VLV�RI�FDU�RZQHUVKLS�WKDW�FRQVLGHUV�WKH�FKRLFHEHWZHHQ�RQH�RU�WZR�FDUV�WR�EH�RZQHG�DQG�WKH�FKRLFH�RI�FDU�TXDOLW\��7KH�PRGHO�LVGHYHORSHG�DV�D�GLVFUHWH�FRQWLQXRXV�PRGHO��,Q�VXFK�PRGHOV�WKH�XWLOLW\�RI�FDU�RZQHUVKLS�LVGHULYHG�IURP�WKH�XWLOLW\�DVVRFLDWHG�ZLWK�FDU�XVH��7KH�GLVFUHWH�HOHPHQW�RI�WKH�GHFLVLRQSURFHVV�LV�WR�RZQ�WZR�FDUV��RQH�FDU�RU�QR�FDU�DW�DOO��WKH�FRQWLQXRXV�HOHPHQW�LV�WKH�QXPEHURI�NLORPHWHUV�WR�EH�GULYHQ�ZLWK�WKH�FDU�V���'H�-RQJ��������GHYHORSV�D�GLVFUHWH�FRQWLQXRXVPRGHO�RI�FDU�RZQHUVKLS�DQG�XVH�WKDW�FRQVLGHUV�RQO\�WKH�GHFLVLRQ�WR�RZQ�DQG�XVH�D�VLQJOH



FDU��:H�H[WHQG�WKLV�DSSURDFK�LQ�WZR�GLUHFWLRQV��7KH�ILUVW�LV�WKDW�ZH�LQWURGXFH�RZQHUVKLSRI�WZR�FDUV�LQWR�WKH�PRGHO�E\�FRQVLGHULQJ�µFDU�PRELOLW\¶�DV�D�FRPSRVLWH�FRPPRGLW\��7KHTXDQWLW\�FRQVXPHG�RI�WKLV�FRPPRGLW\�LV�GHWHUPLQHG�E\�WKH�QXPEHU�RI�NLORPHWHUV�GULYHQE\�WKH�WZR�FDUV�WKDW�FDQ�EH�RZQHG�E\�WKH�KRXVHKROG��)RU�D�KRXVHKROG�WKDW�RZQV�D�VLQJOHFDU��WKH�QXPEHU�RI�NLORPHWHUV�RI�RQH�FDU�LV�UHVWULFWHG�WR�EH�HTXDO�WR�]HUR�7KH�SULFH�RI�WKH�FRPSRVLWH�FRPPRGLW\�µFDU�NLORPHWHUV¶�LV�ORZHU�WKDQ�WKH�YDULDEOH�FRVW�RIHLWKHU�RI�WKH�WZR�FDUV�RZQHG�E\�WKH�KRXVHKROG��XQOHVV�WKHVH�WZR�FRPPRGLWLHV�DUH�SHUIHFWVXEVWLWXWHV��3HUIHFW�VXEVWLWXWDELOLW\�FDQ�EH�LGHQWLILHG�ZLWK�D�VLWXDWLRQ�LQ�ZKLFK�WKH�XWLOLW\�RIWKH�KRXVHKROG�LV�LQGHSHQGHQW�RI�WKH�ZD\�LQ�ZKLFK�WKH�WRWDO�QXPEHU�RI�NLORPHWHUV�WR�EHGULYHQ�LV�GLVWULEXWHG�RYHU�WKH�WZR�FDUV��6LQFH�RZQLQJ�WZR�FDUV�LV�FRVWO\��WKH�KRXVHKROGZLOO�LQ�WKLV�VLWXDWLRQ�QHYHU�GHFLGH�WR�RZQ�WZR�FDUV��,I�WKH�FDU�NLORPHWHUV�DUH�LPSHUIHFWVXEVWLWXWHV��WKHUH�LV�VRPHWKLQJ�WR�EH�JDLQHG�E\�RZQLQJ�WZR�FDUV�LQVWHDG�RI�RQH��,PSHUIHFWVXEVWLWXWDELOLW\�RFFXUV�DV�VRRQ�DV�WKH�KRXVHKROG�ZRXOG�OLNH�WR�XVH�ERWK�FDUV�DW�WKH�VDPHWLPH��$Q�REYLRXV�H[DPSOH�LV�D�GXDO�HDUQHU�KRXVHKROGV�ZKHUH�ERWK�ZRUNHUV�DUH�HPSOR\HGDW�GLIIHUHQW�ORFDWLRQV�DQG�ZDQW�WR�XVH�WKH�FDU�IRU�FRPPXWLQJ�SXUSRVHV��7KH�JDLQ�LQ�XWLOLW\DVVRFLDWHG�ZLWK�RZQHUVKLS�RI�WZR�FDUV�DSSHDUV�LQ�WKH�PRGHO�DV�D�ORZHU�SULFH�IRU�WKHFRPSRVLWH�JRRG��7KH�VL]H�RI�WKLV�JDLQ�LV�WUDGHG�RII�DJDLQVW�WKH�KLJKHU�IL[HG�FRVW�DVVRFLDWHGZLWK�RZQLQJ�WZR�FDUV�7KH�VHFRQG�H[WHQVLRQ�WKDW�ZH�LQWURGXFH�FRQFHUQV�WKH�FKRLFH�RI�WKH�TXDOLW\�RI�WKH�FDUV��:HGR�WKLV�E\�PHDQV�RI�D�ODWHQW�YDULDEOH��µTXDOLW\�RI�FDU�NLORPHWHUV�¶�:H�LQWURGXFH�WKLVTXDOLW\�LQ�WKH�VDPH�ZD\�DV�LV�GRQH�LQ�WKH�UHSDFNDJLQJ�PRGHO�DQG�FDQ�FRQVLGHU�WKHFRQVXPHU�DV�FKRRVLQJ�WKH�QXPEHU�RI�FDU�TXDOLW\�XQLWV��:H�DVVXPH�WKDW�WKH�TXDOLW\�RI�FDUNLORPHWHUV�LV�DQ�LQFUHDVLQJ�IXQFWLRQ�RI�WKH�IL[HG�FRVW�DVVRFLDWHG�ZLWK�RZQHUVKLS�RI�WKHFDU�7KH�DQDO\VLV�SURFHHGV�DV�IROORZV��,Q�VHFWLRQ���ZH�GLVFXVV�WKH�GLVFUHWH�FRQWLQXRXV�PRGHORI�FDU�RZQHUVKLS�DQG�XVH��ZKLOH�SD\LQJ�VSHFLDO�DWWHQWLRQ�WR�WKH�FRQWULEXWLRQ�RI�'H�-RQJ��������,Q�VHFWLRQV���DQG���ZH�FRQVLGHU�H[WHQVLRQV�ZLWK�UHVSHFW�WR�WKH�QXPEHU�RI�FDUVRZQHG�DQG�KHWHURJHQHLW\�DPRQJ�FDUV��«�
��$�GLVFUHWH�FRQWLQXRXV�PRGHO3HRSOH�RZQ�FDUV�EHFDXVH�WKH\�ZDQW�WR�GULYH��7KLV�REYLRXV�VWDWHPHQW�VWUHVVHV�WKH�FORVHFRQQHFWLRQ�EHWZHHQ�FDU�RZQHUVKLS�DQG�FDU�XVH��,I�ZH�ZDQW�WR�OHDUQ�DERXW�WKHGHWHUPLQDQWV�RI�DXWRPRELOH�GHPDQG��RQH�FDQQRW�DYRLG�VWXG\LQJ�DXWRPRELOH�XVH��7KHOLWHUDWXUH�FRQWDLQV�D�QXPEHU�RI�H[DPSOHV�RI�PRGHOV�WKDW�H[SOLFLWO\�GHULYH�WKH�GHPDQG�IRUFDUV�IURP�WKH�GHPDQG�IRU�FDU�NLORPHWHUV��$�SRVLWLYH�GHPDQG�IRU�DXWRPRELOH�NLORPHWHUVGRHV�QRW�DXWRPDWLFDOO\�LPSO\�WKDW�D�FDU�ZLOO�EH�RZQHG��7KH�UHDVRQ�LV�WKDW�IL[HG�FRVWV�KDYHWR�EH�RYHUFRPH��7KH�DVVRFLDWHG�GLVDGYDQWDJH��OHVV�PRQH\�LV�DYDLODEOH�IRU�VSHQGLQJ�RQRWKHU�JRRGV��KDV�WR�EH�WUDGHG�RII�DJDLQVW�WKH�EHQHILWV�DVVRFLDWHG�ZLWK�FDU�XVH��7KHVHEHQHILWV�KDYH�WR�H[FHHG�D�FHUWDLQ�WKUHVKROG�LQ�RUGHU�WR�PDNH�LW�EHQHILFLDO�IRU�D�KRXVHKROGWR�RZQ�D�FDU�(ODERUDWLQJ�WKLV�YHU\�EDVLF�LGHD�OHDGV�WR�VR�FDOOHG�GLVFUHWH�FRQWLQXRXV�PRGHOV�RIDXWRPRELOH�GHPDQG��7R�VHH�KRZ�WKLV�ZRUNV��FRQVLGHU�WKH�IROORZLQJ�PRGHO�RI�FDURZQHUVKLS�DQG�XVH��$Q�LQGLYLGXDO�PD[LPL]HV�D�XWLOLW\�IXQFWLRQ�ZLWK�WZR�DUJXPHQWV��FDUPRELOLW\�[ DQG�D�FRPSRVLWH�FRQVXPSWLRQ�JRRG�T�

��� [TXX  �����



&DU�PRELOLW\�LV�LQWHUSUHWHG�DV�WKH�QXPEHU�RI�NLORPHWHUV�GULYHQ�ZLWK�RQH¶V�RZQ�FDU�8WLOLW\�LV�PD[LPL]HG�VXEMHFW�WR�D�EXGJHW�UHVWULFWLRQ��,I�QR�FDU�LV�RZQHG��WKLV�UHVWULFWLRQ�LVVLPSO\�
T\ S �����

ZLWK�\ LQFRPH��RU�FRQVXPSWLRQ�H[SHQGLWXUH��DQG�� WKH�SULFH�RI�WKH�FRPSRVLWH�JRRG�0D[LPXP�XWLOLW\�LV�LQ�WKLV�FDVH�HTXDO�WR�
¹̧·©̈§ ��� S\XX �����

,I�D�FDU�LV�RZQHG��WKH�UHVWULFWLRQ�LV�
TS[5\ S�� �����

ZLWK�5 WKH�IL[HG�FRVW�DVVRFLDWHG�ZLWK�RZQHUVKLS�DQG�S WKH�YDULDEOH�FRVW�DVVRFLDWHG�ZLWKFDU�XVH�0D[LPL]DWLRQ�RI�����VXEMHFW�WR�����OHDGV�WR�D�GHPDQG�IXQFWLRQ�IRU�DXWRPRELOH�NLORPHWHUV�
���� SS\[[  �����

DQG�DQ�DQDORJRXV�GHPDQG�IXQFWLRQ�IRU�WKH�FRPSRVLWH�JRRG��6XEVWLWXWLRQ�RI�WKHVH�GHPDQGIXQFWLRQ�LQWR�WKH�XWLOLW\�IXQFWLRQ�����OHDGV�WR�WKH�LQGLUHFW�XWLOLW\�IXQFWLRQ��ZKLFK�JLYHVPD[LPXP�DWWDLQDEOH�XWLOLW\�DV�D�IXQFWLRQ�RI�LQFRPH�DQG�SULFHV�
����� SS\YX  �����

$�FDU�ZLOO�EH�RZQHG�LI�X� LV�ODUJHU�WKDQ�X���,I�D�FDU�LV�RZQHG��WKH�GHPDQG�IRU�NLORPHWHUV�LVGHVFULEHG�E\�����
$Q�H[DPSOH�RI�WKLV�PRGHO�VWUXFWXUH�FDQ�EH�IRXQG�LQ�'H�-RQJ��������ZKR�HVWLPDWHG�WKHPRGHO�RQ�FURVV�VHFWLRQ�GDWD��7KH�LQGLUHFW�XWLOLW\�IXQFWLRQ�KH�XVHG�LV�

� � � � DDEGE ����� �� �H[S� 5\SY �����
7KH�YDOXH�IRU�X� FDQ�EH�IRXQG�E\�WDNLQJ�WKH�OLPLW�IRU� foS �

DD �� �� � � \X �����



7KH�SDUDPHWHU�/ LV�DVVXPHG�WR�EH�D UDQGRP�YDULDEOH��7KH�GHPDQG�IXQFWLRQ�IRUDXWRPRELOH�NLORPHWHUV�IROORZV�IURP�����E\�5R\¶V�LGHQWLW\�� � � � GED ��� S5\[ OQOQ �����
7KLV�PRGHO�LV�UHODWLYHO\�HDV\�WR�HVWLPDWH��'H�-RQJ��������VKRZHG�WKDW�DOO�FRHIILFLHQWV�DUHLGHQWLILHG�E\�FURVV�VHFWLRQ�GDWD��WKDW�GR�QRW�FRQWDLQ�SULFH�YDULDWLRQ��7KH�PRGHO�OHDYHV�VHYHUDO�TXHVWLRQV�XQDQVZHUHG��$�PDMRU�JDS�LV�WKDW�LW�GRHV�QRW�FRQVLGHUWKH�RZQHUVKLS�RI�WZR�RU�PRUH�FDUV��'H�-RQJ��������GLVFXVVHG�WKH�SRVVLEOH�JHQHUDOL]DWLRQRI�WKH�PRGHO�WR�RZQHUVKLS�RI�WZR�FDUV��E\�VSHFLI\LQJ�D�XWLOLW\�IXQFWLRQ�

� � � � � � DDEGEEGE �������� ����������� � �H[S�H[S� 55\SSY ������
ZKHUH�WKH�VXIIL[HV�UHIHU�WR�WKH�ILUVW�DQG�VHFRQG�FDU��UHVSHFWLYHO\��7KLV�XWLOLW\�IXQFWLRQLPSOLHV�WKDW�WKH�GHFLVLRQ�WR�RZQ�D�VHFRQG�FDU�GRHV�QRW�GHSHQG�RQ�WKH�GHFLVLRQ�WR�RZQ�DILUVW�FDU��,QGHHG��WKH�FURVV�SULFH�HODVWLFLWLHV�RI�WKH�GHPDQGV�IRU�NLORPHWHUV�E\�WKH�WZR�FDUVDUH�HTXDO�WR�]HUR��'H�-RQJ�VWDWHV�WKDW�DSSO\LQJ�WKH�FRPSOHWH�PRGHO��H[SODLQLQJ�WKHRZQHUVKLS�RI�����RU���FDUV��ZRXOG�EH�FRPSXWDWLRQDOO\�LQIHDVLEOH��S�������DQG�HVWLPDWHGWZR�PRGHOV��)RU�KRXVHKROGV�ZLWK�RQH�GULYLQJ�OLFHQVH�WKH�FKRLFH�EHWZHHQ���DQG���FDU�LVPRGHOHG��IRU�WKRVH�ZLWK���RU�PRUH�GULYLQJ�OLFHQVHV�WKH�FKRLFH�EHWZHHQ���DQG���FDUV�%HORZ��LQ�VHFWLRQ����ZH�SURSRVH�D�GLIIHUHQW�JHQHUDOL]DWLRQ�$QRWKHU�LVVXH�WKDW�'H�-RQJ�GLG�QRW�FRQVLGHU�LV�WKH�KHWHURJHQHLW\�DPRQJ�FDU�PDNHV��+HSURFHHGV�DV�LI�WKH�IL[HG�DQG�YDULDEOH�FRVWV�RI�DOO�FDUV�DUH�LGHQWLFDO��)RU�WKH�SXUSRVH�RIDQDO\]LQJ�PXOWLSOH�FDU�RZQHUVKLS��WKLV�DSSURDFK�VHHPV�XQVDWLVIDFWRULO\��,W�LV�ZHOO�NQRZQWKDW�WKH�TXDOLW\�RI�WKH�VHFRQG�FDU�LV�XVXDOO\�GLIIHUHQW�IURP�WKDW�RI�WKH�ILUVW�FDU��,QGHHG��WKHIDFW�WKDW�LQ�PDQ\�FDVHV�WKHUH�LV�VXFK�D�FOHDU�GLVWLQFWLRQ�EHWZHHQ�WKH�ILUVW�DQG�WKH�VHFRQGFDU�LQ�D�KRXVHKROG�SRLQW�WR�WKH�UHOHYDQFH�RI�LQFRUSRUDWLQJ�WKH�KHWHURJHQHLW\�DPRQJ�FDUVLQWR�WKH�PRGHO��,Q�VHFWLRQ���ZH�FRQVLGHU�KRZ�WR�GR�WKLV�
��0XOWLSOH�FDU�RZQHUVKLS,Q�WKLV�VHFWLRQ�ZH�JHQHUDOL]H�WKH�PRGHO�RI�VHFWLRQ���VR�DV�WR�LQFRUSRUDWH�WKH�GHFLVLRQ�WRRZQ�WZR�FDUV��,Q�RUGHU�WR�GR�VR��ZH�ZLOO�FRQVLGHU�[ QRZ�DV�DQ�LQGLFDWRU�RI�D��SRVVLEO\FRPSRVLWH��JRRG�FDOOHG�DXWRPRELOH�PRELOLW\��7KLV�PRELOLW\�LV�D�IXQFWLRQ�RI�WKH�QXPEHU�RINLORPHWHUV�WKDW�ZLOO�EH�GULYHQ�ZLWK�WZR�FDUV��WR�EH�GHQRWHG�DV�[���DQG�[���UHVSHFWLYHO\��:HGHILQH� � � UUU GG ������ [[[ � �����
,Q�WKLV�HTXDWLRQ�WKH�/¶V�DUH�����YDULDEOHV�WKDW�LQGLFDWH�LI�WKH�KRXVHKROG�RZQV�D�ILUVW�DQG�DVHFRQG�FDU��ZLWKRXW�ORVV�RI�JHQHUDOLW\�ZH�DVVXPH�WKDW�D�VLQJOH�FDU�RZQHG�E\�WKHKRXVHKROG�LV�DOZD\V�FDU�����,I�WKH�SDUDPHWHU�! LV�HTXDO�WR����[ LV�VLPSO\�WKH�VXP�RI�[� DQG[���WKDW�LV�WKH�WRWDO�QXPEHU�RI�NLORPHWHUV�GULYHQ��,Q�WKLV�VSHFLDO�FDVH�WKH�NLORPHWHUV�GULYHQE\�FDU���DQG�FDU���DUH�SHUIHFW�VXEVWLWXWHV��7KLV�PHDQV�WKDW�WKH�FRQVXPHU¶V�XWLOLW\�LVLQGHSHQGHQW�RI�WKH�ZD\�WKH�WRWDO�GHPDQG�IRU�NLORPHWHUV�[��[� LV�GLVWULEXWHG�RYHU�WKH�WZR



FDUV��6LQFH�RZQLQJ�WZR�FDUV�LV�FRVWO\��D�KRXVHKROG�ZLOO�LQ�WKLV�VLWXDWLRQ�QHYHU�GHFLGH�WR�GRVR��,I�! LV�VPDOOHU�WKDQ����NLORPHWHUV�GULYHQ�E\�WKH�WZR�FDUV�DUH�QRW�SHUIHFW�VXEVWLWXWHV�DQGLW�LV�WKHUHIRUH�QRW�SRVVLEOH�WR�WUDQVIHU�FDU�NLORPHWHUV�IURP�RQH�FDU�WR�WKH�RWKHU�DW�DFRQVWDQW�OHYHO�RI�XWLOLW\��/HVV�WKDQ�SHUIHFW�VXEVWLWXWDELOLW\�EHWZHHQ�WKH�WZR�GHPDQGV�IRUFDU�NLORPHWHUV�SURYLGHV�WKHUHIRUH�D�UDWLRQDOH�IRU�RZQLQJ�WZR�FDUV�3HUIHFW�VXEVWLWXWDELOLW\�PD\�RFFXU�LI�WKH�KXVEDQG�XVHV�WKH�FDU�IRU�KRPH�WR�ZRUN�WUDYHOOLQJZKLOH�WKH�ZLIH�XVHV�WKH�FDU�IRU�VKRSSLQJ�SXUSRVHV�RQ�6DWXUGD\�DQG�ERWK�XVH�WKH�FDUVLPXOWDQHRXVO\�IRU�MRLQW�VRFLDO�DQG�UHFUHDWLRQDO�HYHQWV��/HVV�WKDQ�SHUIHFW�VXEVWLWXWDELOLW\RFFXUV�LI�ERWK�SDUWQHUV�KDYH�WR�XVH�WKH�FDU�IRU�FRPPXWLQJ�SXUSRVHV��$OWKRXJK�FRPELQLQJWKH�KRPH�ZRUN�WULS�LV�VRPHWLPHV�SRVVLEOH��LW�LV�DOZD\V�FRVWO\�LQ�WHUPV�RI�WLPH�DQGFRRUGLQDWLRQ�HIIRUW�QHHGHG��,W�LV��RI�FRXUVH��QR�FRLQFLGHQFH�WKDW�WKH�ILUVW�H[DPSOH�UHIHUV�WRD�µWUDGLWLRQDO¶�KRXVHKROG��ZKHUHDV�WKH�VHFRQG�UHIHUV�WR�D�GXDO�HDUQHU�VLWXDWLRQ�:KHQ�������LV�XVHG��WKH�KRXVHKROG¶V�XWLOLW\�PD[LPL]DWLRQ�SUREOHP�FDQ�EH�LQWHUSUHWHG�DV�DWZR�VWDJH�SUREOHP��,Q�WKH�ILUVW�VWDJH�DQ�DPRXQW�] IRU�WKH�WRWDO�YDULDEOH�FRVW�RI�DXWRPRELOHPRELOLW\�LV�GHWHUPLQHG��LQ�WKH�VHFRQG�VWDJH�LW�ZLOO�EH�GLVWULEXWHG�RYHU�WKH�WZR�FDUV�2SWLPDO�VSHQGLQJ�RQ�]�FDQ�EH�GHULYHG�IURP�PD[LPL]LQJ�[ LQ�������XQGHU�WKH�EXGJHWUHVWULFWLRQ�
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7KLV�PHDQV�WKDW�WKH�SULFH�IRU�WKH�FRPSRVLWH�JRRG�[ LV�VPDOOHU�WKDW�WKDW�LI�WKH�WZR�JRRGVWKDW�DUH�LWV�LQJUHGLHQWV��7KLV�UHIOHFWV�WKH�EHQHILW�RI�RZQLQJ�WZR�FDUV�LQVWHDG�RI�RQH�DQGWKHVH�EHQHILWV�DUH�ODUJHU�LI�! LV�FORVHU�WR�]HUR��:KHQ�WKH�WZR�SULFHV�� YDULDEOH�FRVW�SHUNLORPHWHU��DUH�HTXDO��� UU ����� � S3 ��&OHDUO\�3 DSSUR[LPDWHV���ZKHQ�! JHWV�FORVH�WR���7KHVH�SURSHUWLHV�RI�3 DUH�LQ�OLQH�ZLWK�WKH�LQWHUSUHWDWLRQ�RI�WKH�SDUDPHWHU�! DV�DQ�LQGLFDWRURI�WKH�GLIILFXOWLHV�LQYROYHG�LQ�VXEVWLWXWLQJ�WKH�NLORPHWHUV�GULYHQ�E\�WKH�WZR�FDUV�IRU�HDFKRWKHU�
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7KH�PRGHO�MXVW�GLVFXVVHG�FDQ�EH�H[WHQGHG�WR�VLWXDWLRQ�LQ�ZKLFK�WKH�PRELOLW\�RI�FDU���KDVDQRWKHU�PDUJLQDO�XWLOLW\�WKDQ�WKDW�RI�FDU����$�SRVVLEOH�VSHFLILFDWLRQ�LV�� � UUU GG �������� [D[D[ � � �����
,W�LV�FRQYHQLHQW�WR�FKDQJH�TXDQWLWLHV�DQG�SULFHV�LQ�WKH�IROORZLQJZD\� LLL [D[   DQG LLL DSS �  ��7KH�GHULYDWLRQV�IRU�WKH�DGDSWHG�YDULDEOHV�DUH�LGHQWLFDO�WRWKRVH�JLYHQ�DERYH�IRU��1RWH��KRZHYHU��WKDW�WKH�WZR�DGDSWHG�SULFHV�DUH�XQHTXDO��,I�RQO\RQH�FDU�LV�RZQHG��LW�LV�RSWLPDO�WR�FKRRVH�WKDW�ZLWK�WKH�KLJKHVW�YDOXH�RI�DL���4XDOLW\�FKRLFH7KH�PRGHO�GLVFXVVHG�DERYH�LJQRUHV�GLIIHUHQFHV�DPRQJ�FDUV��&DUV�DUH�WUHDWHG�DV�DKRPRJHQHRXV�FRPPRGLW\�RI�ZKLFK�HLWKHU���RU���XQLW�FDQ�EH�RZQHG��,Q�UHDOLW\�WKHUH�LV�DODUJH�YDULHW\�RI�FDU�PDNHV�DYDLODEOH�WR�WKH�FRQVXPHU�DQG�LW�LV�WKHUHIRUH�RI�VRPH�LQWHUHVW�WRVHH�LI�TXDOLW\�FKRLFH�FDQ�EH�LQWURGXFHG�LQWR�WKH�PRGHO��,Q�WKLV�VHFWLRQ�D�VLPSOH�ZD\�WR�GRWKLV�ZLOO�EH�GLVFXVVHG��)RU�VLPSOLFLW\��WKH�GLVFXVVLRQ�UHIHUV�WR�TXDOLW\�FKRLFH�LQ�WKH�FRQWH[WRI�RZQLQJ�D�VLQJOH�FDU�:H�VWDUW�E\�LQWHUSUHWLQJ�FDU�TXDOLW\�DV�D�VFDODU�YDULDEOH�N��,W�LV�SUREDEOH�WKDW�D�KLJKHUTXDOLW\�RI�D�FDU�LQFUHDVHV�WKH�PDUJLQDO�XWLOLW\�RI�FDU�NLORPHWHUV�DQG�RQH�ZD\�WR�LQWURGXFHWKLV�HIIHFW�LV�WR�UHIRUPXODWH�WKH�XWLOLW\�IXQFWLRQ�DV�
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7KH�TXDOLW\�RI�FDU�NLORPHWHUV�LV�UHODWHG�WR�WKH�IL[HG�FRVW�RI�WKH�FDU��,QGHHG��WKH�PDLQUHDVRQ�IRU�EX\LQJ�D�PRUH�H[SHQVLYH�FDU�LV�WKDW�LW�RIIHUV�D�KLJKHU�TXDOLW\�RI�GULYLQJ��,W�LVDOVR�SRVVLEOH�WKDW�WKHUH�LV�D�WUDGH�RII�EHWZHHQ�IXHO�HIILFLHQF\�DQG�IL[HG�FDU�FRVWV��WKDW�LV�FRQVXPHUV�PD\�EH�ZLOOLQJ�WR�DFFHSW�KLJKHU�IL[HG�FRVW�LQ�RUGHU�WR�JDLQ�ORZHU�YDULDEOH�FRVWEHFDXVH�RI�LPSURYHG�IXHO�HIILFLHQF\��ORZHU�PDLQWHQDQFH�FRVW��HW�FHWHUD��7KHVHFRQVLGHUDWLRQV�VXJJHVW�WKDW�WKHUH�LV�D�UHODWLRQ�EHWZHHQ�WKH�SULFH�SHU�TXDOLW\�DGMXVWHGNLORPHWHU�DQG�WKH�IL[HG�FRVW�
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���
��


OQ  �¹̧·©̈§ ww� 5\S[S5S S �����

ZKLFK�VD\V�WKDW�WKH�PDUJLQDO�HIIHFW�RI�IL[HG�FRVW�RQ�WKH�ORJDULWKP�RI�WKH�SULFH�RI�D�TXDOLW\DGMXVWHG�FDU�NLORPHWHU�VKRXOG�EH�LQYHUVHO\�SURSRUWLRQDO�WR��SODQQHG��H[SHQGLWXUH�RQ�VXFKNLORPHWHUV��WKDW�LV�WR�YDULDEOH�FDU�FRVW�,I�WKHUH�ZRXOG�EH�D�OLQHDU�UHODWLRQVKLS�EHWZHHQ�YDULDEOH�FRVWV�DQG�IL[HG�FRVW�ZH�VKRXOGKDYH�
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��'DWD GHVFULSWLRQ7KH�GDWD�VHW�XVHG�IRU�HVWLPDWLRQ�FDQ�EHVW�EH�ORRNHG�XSRQ�DV�DQ�DPDOJDPDWLRQ�RI�WKUHHGLIIHUHQW�GDWD�VRXUFHV��:H�GLVFXVV�WKHVH�EHORZ��7KH�GDWD�GHVFULEH�FDU�RZQHUVKLS��FDU�W\SHFKRLFH��FDU�DWWULEXWHV��KRXVHKROG�DQG�SHUVRQ�FKDUDFWHULVWLFV�IRU�WKH�\HDUV������������DQG������7KH�FDU�SDQHO�FRQGXFWHG�E\�WKH�'XWFK�FRQVXPHUV
�DVVRFLDWLRQ��&RQVXPHQWHQERQG�FRQVWLWXWHV�WKH�IRXQGDWLRQ�RI�RXU�GDWD�VHW��7KH�FDU�SDQHO�FRQWDLQV�DERXW������SDVVHQJHUFDUV��3DUWLFLSDQWV�DUH�UHFUXLWHG�DPRQJ�WKH�UHDGHUV�RI�WKH�WZR�ZHHNO\�PDJD]LQH�SXEOLVKHGE\�WKH�FRQVXPHUV
�DVVRFLDWLRQ��,W�IUHTXHQWO\�LQVHUWV�DQ�DGYHUWLVHPHQW�LQ�LWV�PDJD]LQH�WRLQWHUHVW�UHDGHUV�WR�MRLQ�WKH�FDU�SDQHO��5HDGHUV�ZKR�FRQVLGHU�SDUWLFLSDWLQJ��FDQ�DSSO\�E\HLWKHU�ZULWLQJ�RU�SKRQLQJ�WKH�FRQVXPHUV
�DVVRFLDWLRQ��(DFK�DSSOLFDQW�KDV�WR�DQVZHU�VRPHTXHVWLRQV�ILUVW�WR�FKHFN�ZKHWKHU�WKH�FDU�PHHWV�WKH�HQWUDQFH�FULWHULD��7KHVH�DUH�7KH�FDU�KDV�WR�EH�D�PHPEHU�RI�WKH�VDPSOH�RI�FDU�W\SHV�XQGHU�VWXG\�7KH�RGRPHWHU�PXVW�QRW�H[FHHG��������NLORPHWUHV�7KH�FDU�LV�DW�PRVW����\HDUV�ROG�7KH�FDU�FRYHUV�DW�OHDVW������EXW�DW�PRVW�������NLORPHWUHV�D�\HDU�
7KH�FRQVXPHUV
�DVVRFLDWLRQ�VWULYHV�IRU�D�SUHVHW�DPRXQW�RI����REVHUYDWLRQV�IRU�HYHU\�FDU�LQWKH�VDPSOH�RI�FDU�W\SHV�XQGHU�VWXG\��,I�D�VKRUWDJH�RI�REVHUYDWLRQV�WKUHDWHQV��D�UHSHDWHGDGYHUWLVHPHQW�LV�SXW�LQ�WKH�PDJD]LQH��+RZHYHU��WKHUH
V�QR�JXDUDQWHH�IRU�UHDFKLQJ�WKHGHVLUHG�DPRXQW�DQG�LQGHHG�RXU�VDPSOH�FRQWDLQV�FDU�W\SHV�UHSUHVHQWHG�E\�OHVV�WKDQ���REVHUYDWLRQV�
3DUWLFLSDQWV�KDYH�WR�OHDYH�WKH�SDQHO�ZKHQ�WKH�FDU�JHWV�WRR�ROG��ZKHQ�WKH�RGRPHWHU�H[FHHGV�������NLORPHWUHV�RU�LI�WKH�FDU�LV�QR�ORQJHU�XQGHU�VWXG\��,I�RQH�RI�WKHVH�HYHQWV�RFFXU�SDUWLFLSDQWV�GR�QRW�UHFHLYH�D�QH[W�TXHVWLRQQDLUH��2WKHUZLVH��WKH\�DUH�DOORZHG�WR�VWD\�LQ�7KLV�PHDQV�WKDW�LQ�VSLWH�RI�WKH�ODVW�HQWUDQFH�FULWHULRQ�PHQWLRQHG��RQFH�SDUWLFLSDWLQJ��FDUVFDQ�GULYH�OHVV�WKDQ������RU�PRUH�WKDQ�������NLORPHWUHV�
7KH�FDU�SDQHO�KROGV�����PDNH�PRGHO�FRPELQDWLRQV�RI��SDVVHQJHU�FDUV��7KHVH�DUH�VHOHFWHGEHIRUHKDQG�E\�WKH�'XWFK�FRQVXPHUV
�DVVRFLDWLRQ��9HU\�SRSXODU�YHKLFOH�W\SHV�DUH�XQGHUUHSUHVHQWHG�DQG�VRPHZKDW�OHVV�SRSXODU�FDUV�DUH�RYHU�UHSUHVHQWHG��7KH�VHW�RI�FDUV�XQGHUVWXG\�LV�EHLQJ�XSGDWHG�IUHTXHQWO\��PDNLQJ�WKH�VHW�FRQWLQXRXVO\�WR�FRQVLVW�RI�UHFHQWPDNH�PRGHO�FRPELQDWLRQV�
7KH�FDU�FRVW�VXUYH\7ZLFH�D�\HDU�WKH�SDQHO�FDU�RZQHUV�DUH�UHTXHVWHG�E\�WKH�'XWFK�FRQVXPHUV
�DVVRFLDWLRQ�WRILOO�LQ�D�IRUP�ZLWK�TXHVWLRQV�DERXW�UHSDLU�FRVW�±�WKLV�LV�WKH�PDLQ�SXUSRVH�RI�WKH�FDU�SDQHO�



QXPEHU�RI�NLORPHWUHV�UHFRUGHG�DQG�DWWULEXWHV�RI�WKH�SDQHO�FDU��7KH�UHVSRQGHQW�LV�DOVRLQTXLUHG�IRU�WKH�GXUDWLRQ���LQ�PRQWKV���WKH�SDQHO�FDU�LV�LQ�SRVVHVVLRQ��0LOHDJH�LV�UHFRUGHGDW�IRXU�SRLQWV�LQ�WLPH�HDFK�\HDU��-DQXDU\��VW�DQG�0D\���VW�LQ�WKH�TXHVWLRQQDLUH�FRYHULQJWKH�ILUVW�ILYH�PRQWKV��-XQH��VW�DQG�'HFHPEHU���VW�LQ�WKH�TXHVWLRQQDLUH�FRYHULQJ�WKH�ILQDOVHYHQ�PRQWKV�RI�WKH�\HDU��:H�WUDQVODWH�FDU�XVH�GHPDQG�WR�DYHUDJH�NLORPHWUHV�SHU�PRQWKGXULQJ�WKH�ILUVW�KDOI�DQG�VHFRQG�KDOI�RI�WKH�\HDU�UHVSHFWLYHO\�
7KH�KRXVHKROG�VXUYH\7KH�KRXVHKROG�VXUYH\�LV�FRQGXFWHG�RQ�EHKDOI�RI�D�SXEOLFLW\�FDPSDLJQ�ZKLFK�VWDUWHGWRZDUGV�WKH�HQG�RI�������LQLWLDWHG�E\�WKH�'XWFK�DJHQF\�IRU�HQHUJ\�DQG�HQYLURQPHQW�1RYHP���7KH�FDPSDLJQ�ZDV�DLPHG�DW�DFKLHYLQJ�D�PRUH�IXHO�HIILFLHQW�FDU�XVH�DQGDFTXLVLWLRQ�EHKDYLRXU�DPRQJ�SDVVHQJHU�FDU�GULYHUV��7KH�GDWD�DUH�FROOHFWHG�DPRQJ�WKHSDUWLFLSDQWV�RI�WKH�FDU�SDQHO�RI�WKH�'XWFK�FRQVXPHUV
�DVVRFLDWLRQ�LQ�2FWREHU�1RYHPEHU�RIWKH�FRQVHFXWLYH�\HDUV������������DQG�������7KH�UHVSRQGHQWV�ZHUH�UHTXHVWHG�WR�DQVZHUTXHVWLRQV�DERXW��L��SHUVRQDO�DQG�KRXVHKROG�FKDUDFWHULVWLFV���LL��FDU�XVH���LLL��FDU�DWWULEXWHV�LY��KROGLQJ�GXUDWLRQ���Y��DWWULEXWHV�RI�WKH�IRUPHU�FDU�DQG��YL��DWWULEXWHV�RI�WKH�VHFRQG�FDULI�SUHVHQW��:H�XVH�WKH�KRXVHKROG�VXUYH\�WR�DGG�LQIRUPDWLRQ�WR�WKH�FDU�FRVW�VXUYH\��PDLQO\ZLWK�UHVSHFW�WR�WKRVH�LWHPV�WKDW�GR�QRW�FRQFHUQ�WKH�SDQHO�FDU�LWVHOI���L��KRXVHKROG�DQGSDQHO�FDU�RZQHU�FKDUDFWHULVWLFV���LL��DWWULEXWHV�RI�WKH�SDQHO�FDU¶V�SUHGHFHVVRU���LLL��VHFRQGFDU�DWWULEXWHV�DQG��LY��PLOHDJH�RI�WKH�SDQHO�FDU�LQ�FDVH�RI�DEVHQFH�RI�WKLV�LQIRUPDWLRQ�LQWKH�FDU�FRVW�VXUYH\��$V�IRU�WKH�ODWWHU��LI�D�FDU�LV�UHSODFHG��WKH�FDU�FRVW�VXUYH\�GRHV�QRWSURYLGH�XV�ZLWK�LQIRUPDWLRQ�RQ�FDU�XVH�GXULQJ�WKH�WLPH�LQWHUYDO�SUHFHGLQJ�WKH�WUDQVDFWLRQPRPHQW��)RU�LQVWDQFH��D�SDQHO�FDU�REVHUYHG�LQ�WKH�TXHVWLRQQDLUH�RQ�0D\���VW��PD\�KDYHEHHQ�DFTXLUHG�LQ�0DUFK��,Q�WKDW�FDVH�ZH�ODFN�LQIRUPDWLRQ�RQ�FDU�XVH�IURP�-DQXDU\�WLOO0DUFK��7R�UHFRQVWUXFW�WKLV�GDWD�ZH�XVH�WKH�LQIRUPDWLRQ�RQ�WKH�SUHGHFHVVRU�RI�WKH�SDQHOFDU�SURYLGHG�E\�WKH�KRXVHKROG�VXUYH\�
7KH�WHFKQLFDO�FDU�DWWULEXWHV7KH�WKLUG�VRXUFH�FRQWDLQV�WHFKQLFDO�LQIRUPDWLRQ�RQ�WKH�����FDUV�LQFOXGHG�LQ�WKLV�VWXG\�7KH�GDWD�DUH�SURYLGHG�E\�WKH�'XWFK�PRWRULVWV
�DVVRFLDWLRQ��$1:%���7KH�LQIRUPDWLRQUHJDUGV��L��FDU�DWWULEXWHV���LL��IXHO�FRQVXPSWLRQ���LLL��IL[HG�DQG�YDULDEOH�GHSUHFLDWLRQ�UDWHV��LY��PDUNHW�SULFHV�RI�QHZ�DQG�VHFRQG�KDQG�YHUVLRQV�RI�HDFK�RI�WKH�����PDNH�PRGHOFRPELQDWLRQV�DQG��Y��WKH�WLPH�SHULRG�LQ�ZKLFK�WKH�YHUVLRQ�ZDV�DYDLODEOH�IRU�SXUFKDVH�RQWKH�PDUNHW�
:H�IRUJH�WRJHWKHU�WKH�WKUHH�GDWD�VRXUFHV�GHVFULEHG�LQ�WKH�SUHYLRXV�VHFWLRQ�±�FDU�FRVWVXUYH\��KRXVHKROG�VXUYH\�DQG�WHFKQLFDO�FDU�DWWULEXWHV�±�LQWR�VL[�ZDYHV�RI�SDQHO�GDWD��7KHILUVW��WKLUG�DQG�ILIWK�ZDYH�SURYLGH�LQIRUPDWLRQ�RQ�FDU�DWWULEXWHV��KRXVHKROG�FKDUDFWHULVWLFVDQG�FDU�XVH��UHIHUULQJ�WR�WKH�ILUVW�VL[�PRQWKV�RI�WKH�FRQVHFXWLYH�\HDUV������������DQG������/LNHZLVH��WKH�VHFRQG��IRXUWK�DQG�VL[WK�ZDYH�SURYLGH�WKH�VDPH�LQIRUPDWLRQ�IRU�WKHVHFRQG�KDOI�RI�WKH�\HDUV�PHQWLRQHG��:H�DVVLJQ�WKH�NLORPHWUHV�UHFRUGHG�GXULQJ�WKH�ILUVW�VL[PRQWKV�WR�WKH�FDU�WKDW�LV�LQ�SRVVHVVLRQ�RI�WKH�KRXVHKROG�RQ�-XQH���WK��6LPLODUO\��DOONLORPHWUHV�GULYHQ�GXULQJ�WKH�VHFRQG�KDOI�RI�WKH�\HDU�DUH�VXSSRVHG�WR�EH�FRYHUHG�E\�WKH�FDUWKDW�LV�LQ�SRVVHVVLRQ�RQ�'HFHPEHU���VW�



:KHQ�GHOHWLQJ�WKH�REVHUYDWLRQV�IURP�WKH�VDPSOH�ZKLFK�VXIIHU�IURP�LWHP�QRQ�UHVSRQVH�ZH�ORVH�D�JUHDW�QXPEHU�RI�REVHUYDWLRQV��DURXQG�������,Q�RUGHU�WR�EH�DEOH�WR�HVWLPDWH�WKHFDU�RZQHUVKLS�PRGHO�IRU�WZR�FDUV��ZH�PXVW�KDYH�WKH�VDPH�LQIRUPDWLRQ�IRU�WKH�VHFRQG�FDUDV�IRU�WKH�SDQHO�FDU��7KLV�LQIRUPDWLRQ�UHTXLUHPHQW�LV�GHFLVLYH�IRU�D�IXUWKHU�ORVV�RIREVHUYDWLRQV��UHVXOWLQJ�LQ�WKH�VXE�VDPSOH��17� ��������ZKLFK�LV�XVHG�IRU�WKH�HVWLPDWLRQH[HUFLVHV�SHUIRUPHG�LQ�WKLV�SDSHU��7DEOH���JLYHV�D�FRPSDULVRQ�RI�VRPH�LWHPV�EHWZHHQ�WKHVDPSOH�DQG�WKH�VXE�VDPSOH�
7DEOH����6RPH��VXE��VDPSOH�PHDQV��VWG�GHY�&KDUDFWHULVWLFV 6DPSOH 6XE�VDPSOH2EVHUYDWLRQV17 ����� �����1� �+RXVHKROGV�>�@ ���� ����7� �:DYHV�>�@ ����������� �����������7UDQVDFWLRQV�>�@���2EVHUYHG�>�@ ����������� ����������0XOWLSOH�FDUV�RZQLQJ�KRXVHKROGV�>�@ ���� ���
3DQHO�FDU�DWWULEXWHV0LOHDJH�SHU���PRQWKV�>NP@ ����������� �����������$JH�>\HDUV@ ����������� �����������(QJLQH�SRZHU�>FF@ ���������� �����������:HLJKW�>NJ@ ��������� ���������3XUFKDVH�SULFH�>¼@ ������������ ������������

+RXVHKROG�FKDUDFWHULVWLFV(PSOR\HHV�>�@ ����������� �����������3HUVRQV�>�@ ����������� �����������'ULYLQJ�OLFHQFH�RZQHUV�>�@ ����������� �����������,QFRPH�>EUDFNHWV����@ ����������� �����������&DUV�>�@ ����������� �����������&RPSDQ\�FDUV�>�@ ����������� �����������
3DQHO�FDU�RZQHU�FKDUDFWHULVWLFV$JH�>\HDUV@ ����������� �����������*HQGHU�>� PDOH��� IHPDOH@ ����������� �����������(GXFDWLRQ�>OHYHOV����@ ����������� �����������

6HFRQG�FDU�DWWULEXWHV0LOHDJH�SHU���PRQWKV�>NP@ ����������� �����������$JH�>\HDUV@ ����������� �����������(QJLQH�SRZHU�>FF@ ���������� ����������:HLJKW�>NJ@ ��������� ���������3XUFKDVH�SULFH�>¼@ ����������� ������������

:H�REVHUYH�D�GURS�RXW�RI�PXOWLSOH�FDUV�RZQLQJ�KRXVHKROGV��7KHVH�DUH�KRXVHKROGV�WKDWRZQ�PRUH�WKDQ�RQH�FDU�GXULQJ�DW�OHDVW�RQH�SHULRG�,Q�WKH�VDPSOH�WKH�DYHUDJH�SHUFHQWDJH�RI�KRXVHKROGV�RZQLQJ�PRUH�WKDQ�RQH�FDU�GXULQJ�WKHREVHUYHG�WLPH�KRUL]RQ�������������LV������,Q�WKH�VXE�VDPSOH�WKLV�VKDUH�LV����



3HUFHQWDJH�RI�'XWFK�KRXVHKROGV�KROGLQJ�QRQH��RQH��WZR��WKUHHRU�PRUH�FDUV���� ���� ���� ���� ���� ���� ����
1RQH ���� ���� ���� ���� ���� ����2QH ���� ���� ���� ���� ���� ���� ����7ZR ���� ���� ���� ���� ���� ����7KUHH�RUPRUH ��� ��� ��� ��� ��� ���
7ZR�RUPRUH��JLYHQDW�OHDVW�RQH

���� ���� ���� ���� ���� ����
6RXUFH��&%6�6WDWOLQH�DQG�712�,QUR

7KH�SHUFHQWDJH�RI�'XWFK�KRXVHKROGV�RZQLQJ�DW�OHDVW�WZR�FDUV��JLYHQ�WKDW�WKH\�SRVVHVV�DWOHDVW� RQH� FDU�� DPRXQWV� WR� DQ� DYHUDJH� RI� ����GXULQJ� WKH� REVHUYHG� WLPH� KRUL]RQ� �������������7KHVH�ILJXUHV�DUH�JLYHQ�DW� WKH�ERWWRP�RI� WKH� WDEOH��7KH\�FDQ�EH�FDOFXODWHG�XVLQJWKH� SHUFHQWDJHV� LQ� WKH� WDEOH� DERYH� WKH� GDVK�� &RQFOXGLQJ�� WKH� VDPSOH� LQFOXGHV� IHZHUPXOWLSOH�FDUV�RZQLQJ�KRXVHKROGV�WKDQ�WKH�'XWFK�SRSXODWLRQ��2EYLRXVO\�� WKLV�KROGV�HYHQVWURQJHU�IRU�WKH�VXE�VDPSOH�
)XUWKHUPRUH��QRWH�WKDW�WKH�VHFRQG�FDU�LV�RQ�DYHUDJH�VPDOOHU��ROGHU�DQG�OHVV�XVHG�WKDQ�WKHSDQHO�FDU��7KLV�VXJJHVWV�WKDW�ZLWKLQ�WKH�KRXVHKROG�D�KLHUDUFK\�H[LVWV�EHWZHHQ�WKH�WZRFDUV��PRVW�RI�WKH�WLPH�WKH�SDQHO�FDU�LV�WKH�SULQFLSDO�FDU��WKH�VHFRQG�FDU�LV�WKH�DX[LOLDU\�FDU�0RVW�OLNHO\��WKLV�LV�FDXVHG�E\�WKH�ZD\�WKH�VHW�RI�FDUV�XQGHU�VWXG\�LV�FRPSRVHG��QDPHO\UHFHQW�PDNH�PRGHO�FRPELQDWLRQV��VR�UHODWLYH�\RXQJ�FDUV��DQG�WKH�ZD\��WKH�SDUWLFLSDQWV�LQWKH�FDU�SDQHO�DUH�UHFUXLWHG��WKURXJK�DQ�DGYHUWLVHPHQW�LQ�WKH�PDJD]LQH�RI�WKH�FRQVXPHUV
DVVRFLDWLRQ�\LHOGLQJ�PDLQO\�PDOH�SDUWLFLSDQWV�ZKLFK�EULQJ�DORQJ�WKH�ELJJHU�FDUV��7KH��ORVVRI�REVHUYDWLRQV�RQ�PXOWLSOH�FDUV�KRXVHKROGV�PDNH�WKH�VHFRQG�FDU�DWWULEXWHV�LQ�WKH�VXEVDPSOH�WR�OLH�FORVHU�WR�WKRVH�RI�WKH�SDQHO�FDU��DOWKRXJK�WKH�IRUH�PHQWLRQHG�KLHUDUFK\�LVVWLOO�SUHVHQW��7KLV�LPSOLFLW�DQG�WURXEOHG�KLHUDUFK\�LV�YHU\�XQVDWLVIDFWRU\�IRU�RXU�DQDO\VLV�:H�WKHUHIRUH�LQWURGXFH�DQ�H[SOLFLW�DQG�FOHDU�KLHUDUFK\�E\�ODEHOOLQJ�WKH�PRVW�XVHG�FDU�DVWKH�ILUVW�FDU��,I�ZH�GR�VR��7DEOH���PXVW�EH�UHYLVHG��7KH�UHVXOW�LV�SUHVHQWHG�LQ�7DEOH���
)URP�7DEOH���ZH�FDQ�GHULYH�DQ�LQGLFDWLRQ�IRU�WKH�DYHUDJH�KROGLQJ��,I������KRXVHKROGVSHUIRUP������FDU�UHSODFHPHQWV�GXULQJ�RQ�DQ�DYHUDJH�����SHULRGV��ZH�FDOFXODWH���������������� ������ZDYHV�ZKLFK�LV�WKH�VDPH�DV�����\HDUV�
$FWXDOO\�� WKH� REVHUYHG� XQLW� LV� µFDU¶�� QRW� µKRXVHKROG¶�� +RZHYHU�� WKHUH� DUH� YHU\� IHZKRXVHKROGV� LQ� WKH� VDPSOH�ZKR�KDYH�PXOWLSOH�FDUV�SDUWLFLSDWLQJ� LQ� WKH�FDU�SDQHO�� �7R�EHVSHFLILF�� ��� KRXVHKROGV� LQ� WKH� VDPSOH� DUH� UHSUHVHQWHG�ZLWK� WZR� FDUV�� �� KRXVHKROG�ZLWKWKUHH�FDUV���VR�VWULFWO\�������KRXVHKROGV�SDUWLFLSDWH�LQ�WKH�VDPSOH��ZLWK������FDUV���,Q�VXEVDPSOH�������KRXVHKROGV�DUH�UHSUHVHQWHG�ZLWK�WZR�FDUV����KRXVHKROG�ZLWK�WKUHH�FDUV�±�VRWKH�QXPEHU�RI�KRXVHKROGV�LQ�VXE�VDPSOH���DPRXQWV�WR��������)LQDOO\�����KRXVHKROGV�KDYHWZR�FDUV�SDUWLFLSDWLQJ�LQ�VXE�VDPSOH����ZKLFK�OHDYHV�XV�ZLWK�D�WRWDO�RI������KRXVHKROGV�



&RQFOXGLQJ��WKRXJK�QRW�HQWLUHO\�VLPLODU��ZH�DOORZ�RXUVHOYHV�WR�ERWK�XVH�µFDU¶�DV�ZHOO�DVµKRXVHKROG¶�WR�LQGLFDWH�WKH�REVHUYHG�XQLW�
7KRXJK�QRW�YHULILDEOH��WKLV�VHHPV�D�YHU\�SODXVLEOH�ILJXUH��,W�LV�SUREDEO\�ELDVHG�XSZDUGVEHFDXVH�FRPSDQ\��OHDVH��FDUV�DUH�XQGHU�UHSUHVHQWHG�LQ�RXU�VDPSOH��7KHVH�FDUV�WHQG�WRKDYH�D�VKRUW�KROGLQJ�GXUDWLRQ�DV�OHDVH�FRQWUDFWV�DUH�RIWHQ�FORVHG�IRU�D�WKUHH�\HDUV�SHULRG�
7DEOH����6RPH�VXE�VDPSOH�FKDUDFWHULVWLFV�LI�WKH�ILUVW�FDU�LV�WKH�PRVW�XVHG�FDU�ZLWKLQ�WKH�KRXVHKROG&KDUDFWHULVWLFV 0HDQ��VWG�GHY�2EVHUYDWLRQV17 ����1� �+RXVHKROGV�>�@ ���7� �:DYHV�>�@ �����������

)LUVW��FDU�DWWULEXWHV0LOHDJH�SHU���PRQWKV�>NP@ ������������$JH�>\HDUV@ �����������(QJLQH�SRZHU�>FF@ ����������:HLJKW�>NJ@ ���������
)LUVW��FDU�RZQHU�FKDUDFWHULVWLFV�17� �����$JH�>\HDUV@ �����������*HQGHU�>� PDOH��� IHPDOH@ �����������(GXFDWLRQ�>OHYHOV����@ �����������

6HFRQG�FDU�DWWULEXWHV0LOHDJH�SHU���PRQWKV�>NP@ �����������$JH�>\HDUV@ �����������(QJLQH�SRZHU�>FF@ ����������:HLJKW�>NJ@ ���������
6HFRQG��FDU�RZQHU�FKDUDFWHULVWLFV�17� �����$JH�>\HDUV@ �����������*HQGHU�>� PDOH��� IHPDOH@ �����������(GXFDWLRQ�>OHYHOV����@ �����������

,Q�WKLV�SDSHU�ZH�XVH�WKH�VXE�VDPSOH��17� ��������XQGHU�RXU�LPSRVHG�KLHUDUFK\�LQ�D�VWDWLFFRQWH[W��,W�PHDQV�DPRQJ�RWKHU�WKLQJV�WKDW�ZH�SUHVXPH�WKDW�REVHUYDWLRQV�IRU�WKH�VDPHKRXVHKROG�RYHU�WLPH�DUH�LQGHSHQGHQW��:H�UHDOL]H�WKLV�LV�D�UDWKHU�VWULQJHQW�SUHVXPSWLRQ�
7R�JHW�D�JUDVS�RI�WKH�TXDOLW\�RI�RXU�GDWD�VHW��ZH�FRPSDUH�LW�ZLWK�QDWLRQDO�VWDWLVWLFVSXEOLVKHG�E\�WKH�1HWKHUODQGV�EXUHDX�RI�VWDWLVWLFV�\HDUO\��6RPH�IHDWXUHV�DUH�JLYHQ�LQ�7DEOH��DQG�7DEOH���LQ�WKH�$SSHQGL[��7KH\�VKRZ�D�FORVH�HTXLYDOHQFH�LQ�YDOXH�EHWZHHQ�RYHUDOOPHDQ�PLOHDJH�SHU�\HDU�RI�SDQHO�FDUV�FRPSDUHG�ZLWK�WKH�'XWFK�FDU�IOHHW��(QWHULQJ�LQWR�WKHILJXUHV�PRUH�GHWDLOHG��ZH�VHH�WKDW�SHWURO�FDUV�FRYHU�PRUH�NLORPHWUHV�LQ�RXU�VDPSOHZKHUHDV�GLHVHO�HQ�/3*�FDUV�GULYH�DSSUR[LPDWHO\�WKH�VDPH�GLVWDQFH�FRPSDUHG�ZLWK�WKHLUFRXQWHUSDUWV�LQ�WKH�'XWFK�FDU�IOHHW��,Q�RXU�VDPSOH�WKH�QXPEHU�RI�GLHVHO�DQG�/3*�FDUV�DUHXQGHU�UHSUHVHQWHG��7KLV�LV�QRW�VXUSULVLQJ�VLQFH�WKRVH�FDUV�WHQG�WR�FRYHU�PDQ\�NLORPHWUHV�5HFDOO�WKDW�FDUV�FRYHULQJ�PRUH�WKDQ�������NLORPHWUHV�D�\HDU�GR�QRW�HQWHU�WKH�FDU�SDQHO�RIWKH�'XWFK�FRQVXPHUV¶�DVVRFLDWLRQ�



2XU�VDPSOH�UHSUHVHQWV�WKH�PLGGOH�VHJPHQW�RI�WKH�'XWFK�FDU�IOHHW�ZLWK�UHVSHFW�WR�PLOHDJH�7KLV�OHDGV���IRU�RQH�WKLQJ���WR�DQ�XQGHU�UHSUHVHQWDWLRQ�RI�GLHVHO��/3*�DQG�FRPSDQ\�FDUV�7KHVH�FDUV�WHQG�WR�PRYH�LQ�WKH�XSSHU�PLOHDJH�VHJPHQW��2Q�DQ�DYHUDJH��WKH�FDUV�LQ�WKHPLGGOH�VHJPHQW�FRYHU�OHVV�NLORPHWUHV�WKDQ�WKH�'XWFK�FDU�IOHHW�DV�D�ZKROH��2Q�WKH�RWKHUKDQG��RXU�VDPSOH�FRQVLVWV�RI�\RXQJHU�FDUV�WKDQ�WKH�'XWFK�FDU�IOHHW��$V�\RXQJHU�FDUV�WHQGWR�FRYHU�PRUH�NLORPHWUHV�WKDQ�ROGHU�FDUV��WKH�WZR�FRXQWHUDFWLQJ�FLUFXPVWDQFHV���PLGGOHVHJPHQW�YHUVXV�\RXQJ�FDUV�±�PDNH�RYHUDOO�PHDQ�PLOHDJH�RI�WKH�VDPSOH�WR�FRUUHVSRQGZLWK�WKH�'XWFK�FDU�IOHHW�
,Q�FRQFOXVLRQ��WKH�IROORZLQJ�PDUJLQDO�QRWHV�FDQ�EH�PDGH�x 7KH�FDUV�LQ�RXU�VDPSOH�DUH�\RXQJHU�WKDQ�WKH�'XWFK�FDU�IOHHW�x %HFDXVH�RI�FRXQWHUDFWLQJ�HIIHFWV��PHDQ�PLOHDJH�LQ�RXU�VDPSOH�FRUUHVSRQGV�ZLWKWKH�'XWFK�FDU�IOHHW�$QG�QRW�UHSRUWHG�KHUH�x 7KH�KRXVHKROGV�LQ�RXU�VDPSOH�KROG�VOLJKWO\�PRUH�PHPEHUV�WKDQ�WKH�'XWFKKRXVHKROGV������LQ�RXU�VDPSOH�YHUVXV�����LQ�WKH�'XWFK�SRSXODWLRQ������������x 7KH�KRXVHKROGV�LQ�RXU�VDPSOH�SRVVHVV�IHZHU�FRPSDQ\�FDUV������LQ�RXU�VDPSOHYHUVXV������LQ�WKH�'XWFK�SRSXODWLRQ��x 7KH�FDU�RZQHUV�LQ�RXU�VDPSOH�DUH�VRPHZKDW�ROGHU�WKDQ�WKH�'XWFK�SRSXODWLRQ��RYHUHLJKWHHQ���������LQ�RXU�VDPSOH�YHUVXV����LQ�WKH�'XWFK�SRSXODWLRQ������������
��(VWLPDWLQJ�WKH�PRGHO�ZLWK�PXOWLSOH�FDUV,Q�WKLV�VHFWLRQ�ZH�FRQVLGHU�WKH�TXHVWLRQ�KRZ�WKH�PRGHO�WKDW�KDV�EHHQ�GHYHORSHG�LQ�VHFWLRQ��FDQ�EH�HVWLPDWHG�RQ�WKH�GDWD�GLVFXVVHG�LQ�WKH�SUHYLRXV�VHFWLRQ�
'H�-RQJ��������WUHDWHG�WKH�SDUDPHWHU�/ DV�D�UDQGRP�YDULDEOH�LQ�RUGHU�WR�WDNH�LQWR�DFFRXQWGLIIHUHQFHV�LQ�GHPDQG�IRU�DXWRPRELOH�NLORPHWHUV�DPRQJ�KRXVHKROGV�WKDW�DUH�QRW�UHODWHG�WRGLIIHUHQFHV�LQ�REVHUYDEOH�FKDUDFWHULVWLFV�RI�WKH�KRXVHKROG��,Q�WKH�SUHVHQW�PRGHO�LW�VHHPVOLNHO\�WKDW�WKHUH�DUH�DOVR�GLIIHUHQFHV�LQ�WKH�VXEVWLWXWDELOLW\�RI�NLORPHWHUV�GULYHQ�E\�WKH�WZRDXWRPRELOHV�WKDW�FDQQRW�EH�UHODWHG�WR�GLIIHUHQFHV�LQ�REVHUYDEOH�FKDUDFWHULVWLFV��7KLVVXJJHVWV�WKDW�WKH�SDUDPHWHU�U VKRXOG�DOVR�EH�WUHDWHG�DV�D�UDQGRP�YDULDEOH�1RWH�WKDW�� LI�G LV�YHU\�VPDOO��OHVV�WKDQ�]HUR�DQG�ODUJH�LQ�DEVROXWH�YDOXH���QR�FDU�ZLOO�EH�EHWWHUWKDQ�HLWKHU�RQH�RU�WZR�FDUV�� LI�G LV�ODUJH��DW�OHDVW�RQH�FDU�ZLOO�EH�RZQHG�� LI�U LV�FORVH�WR����WZR�FDUV�ZLOO�DOZD\V�EH�SUHIHUUHG�WR�RQH�FDU�� LI�U LV�FORVH�WR����RQH�FDU�ZLOO�DOZD\V�EH�SUHIHUUHG�WR�WZR�FDUV�7KLV�VXJJHVWV�WKDW�WKHUH�ZLOO�DOZD\V�EH�D�SRVLWLYH�SUREDELOLW\�IRU�DOO�WKUHH�HYHQWV�WKDW����RU���FDUV�ZLOO�EH�RZQHG�)RU�DQ\�JLYHQ�SDLUV�RI�YDOXHV�RI�G DQG�U ZH�FDQ�GHWHUPLQH�
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1RWH�WKDW�RQO\�X� GHSHQGV�RQ�U��/HW�XF PLQ�X��X����6LQFH�X� DQG�X� DUH�ERW�LQFUHDVLQJ�LQ�G�XF ZLOO�DOVR�EH�LQFUHDVLQJ�LQ�G��7KHUH�LV�D�FULWLFDO�OHYHO��WR�EH�GHQRWHG�DV�G��DW�ZKLFKRZQLQJ�RQH�RU�WZR�FDUV�ZLOO�EHFRPH�PRUH�DWWUDFWLYH�WKDQ�KDYLQJ�QR�FDU�6LQFH�DOO�WKH�KRXVHKROGV�LQ�RXU�VDPSOH�RZQ�DW�OHDVW�RQH�FDU��ZH�KDYH�RQO\�KRXVHKROGVZLWK�G!G��1RWH�WKDW�G�PD\�GHSHQG�RQ�U�
)RU�DQ\�JLYHQ�YDOXH�RI�U WKHUH�LV�D�VHFRQG�FULWLFDO�YDOXH�RI�G��WR�EH�GHQRWHG�DV�G��DWZKLFK�RZQLQJ�WZR�FDUV�EHFRPHV�PRUH�DWWUDFWLYH�WKDQ�RZQLQJ�RQH�FDU��7KLV�VHFRQGFULWLFDO�YDOXH�GHSHQGV�RQ�U WRR��7KH�SUREDELOLW\�S� WKDW�D�KRXVHKROG�LQ�WKH�VDPSOH�RZQVRQH�FDU�LV�
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7KH�SUREDELOLW\�LQ�WKLV�HTXDWLRQ�PD\�EH�HTXDO�WR�]HUR��RXU�PRGHO�GRHV�QRW�JXDUDQWHH�WKDWG H[FHHGV�G��+RZHYHU��LI�U LV�FORVH�HQRXJK�WR����RZQLQJ�RQH�FDU�ZLOO�EHFRPH�PRUHDWWUDFWLYH�WKDQ�RZQLQJ�WZR�FDUV�7KH�SUREDELOLW\�WKDW�D�KRXVHKROG�RZQV�WZR�FDUV�LV�GHILQHG�DQDORJRXVO\�:H�DGRSW�WKH�IROORZLQJ�VSHFLILFDWLRQ�IRU�G�
HVPG GG � �����
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��&RQFOXVLRQ,Q�WKH�SUHYLRXV�VHFWLRQV�ZH�KDYH�GLVFXVVHG�WZR�H[WHQVLRQV�RI�D�GLVFUHWH�FRQWLQXRXV�PRGHORI�FDU�RZQHUVKLS�DQG�XVH��7KHVH�H[WHQVLRQV�DOORZ�XV�WR�LQFRUSRUDWH�RZQHUVKLS�RI�PRUHWKDQ�RQH�FDU�DQG�TXDOLW\�FKRLFH�LQWR�WKLV�PRGHO��:H�KDYH�DOVR�GLVFXVVHG�WKH�GDWD�VHW�RQZKLFK�WKHVH�PRGHOV�ZLOO�EH�HVWLPDWHG�DQG�KRZ�WR�HVWLPDWH�WKH�PRGHOV��)XWXUH�YHUVLRQV�RIWKH�SDSHU�ZLOO�FRQWDLQ�HVWLPDWLRQ�UHVXOWV�DV�ZHOO�
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